We present a new approach for generating cluster states on-chip, with the state encoded in the spatial component of the photonic wavefunction. We show that for spatial encoding, a change of measurement basis can improve the practicality of cluster state algorithm implementation, and demonstrate this by simulating Grover's search algorithm. Our state generation scheme involves shaping the wavefunction produced by spontaneous parametric down-conversion in on-chip waveguides using specially tailored nonlinear poling patterns. Furthermore the form of the cluster state can be reconfigured quickly by driving different waveguides in the array.
Cluster states are highly entangled multi-particle quantum states [1] that have drawn significant interest for their potential in quantum information processing [2, 3] . These multi-qubit states form a complete basis for one way quantum computation, where algorithms are carried out by successive measurement of qubits, causing information to flow through the state via entanglement [4] . Crucially for practical applications, cluster states have been shown to be robust to decoherence and loss of qubits [5] . In solid state physics cluster states are naturally produced in spin lattices interacting by an Ising type Hamiltonian [1, 6, 7] , but increasingly they are considered useful in quantum photonic systems.
In quantum photonics nonlinear interactions between single photons are challenging to realize [8] , yet measurement based approaches to quantum computation, including those employing cluster states, can be readily implemented [9] . Cluster states based on photonic polarization qubits have been generated in bulk optical systems utilizing nonlinear optics [10] [11] [12] [13] [14] [15] or periodically driven quantum dots [16] to achieve the required entanglement between multiple photons. Furthermore basic elements of quantum computation have been demonstrated with these polarization qubit states, including qubit rotation, two-qubit gates and the Grover search algorithm [10] . Photonic cluster states can also be created using continuous variable quantum entanglement [17] [18] [19] , where the qubits are encoded in the time dependent quadrature of the field. Here we consider the generation of cluster states using a fully spatial encoding of each qubit, which is well suited for on-chip implementation.
Typically photonic cluster states are generated in bulk optical setups by passing a pulsed pump laser twice through a nonlinear crystal, generating a pair of photons by spontaneous parametric down-conversion (SPDC) on each pass giving a four photon polarization entangled state [10] . Alternatively just two photons can be used, since by exploiting hyper-entanglement in spatial and polarization degrees of freedom four quibts can be encoded in the two photons [11, 14] . This approach has the advantage of producing higher photon count rates, while still producing nontrivial four qubit cluster states. Ultimately, for quantum computing it is necessary to produce cluster states containing large numbers of qubits. The reason is that cluster state computation relies on successive single photon measurements, so the number of independent computational steps is limited by the number of qubits in the state. Encoding multiple qubits in a single photon has the potential to significantly increase the size of cluster states that can be realized, and such states can be used for quantum algorithms [11] .
So far the realization of cluster state based quantum algorithms has been largely restricted to bulk optical setups, but inevitably cluster state generation will need to be integrated on-chip. This is because the generation of large scale cluster states will require the isolated and stable environment provided by a photonic chip to maintain quantum coherence. Furthermore, increasingly complex optical circuitry will be required to produce larger cluster states, which is impractical to build with bulk optics. Cluster states based on hyper-entanglement between polarization and spatial degrees of freedom have been demonstrated on-chip [15] , but a more natural and convenient realization would be based on just the spatial degree of freedom, since processing orthogonal polarizations in the same waveguide requires highly specialized fabrication platforms. To this end we describe a method for the generation of cluster states within a nonlinear photonic chip with fixed photon polarization, where the state is fully encoded in the spatial properties of the photons. Importantly this method allows switching between different cluster states all optically, without a need for complex reconfigurable components to be integrated onchip.
We consider a photonic chip with second-order nonlinearity so that pairs of photons can be generated via type I spontaneous parametric down-conversion (SPDC) [20, 21] . It has been shown that SPDC in arrays of coupled waveguides provides a stable source of highly entangled two-photon states [22] , and that χ (2) poling in the array can be engineered to produce tailored two-photon quantum states [23] , thus it is a natural platform to consider for the generation of cluster states. Similarly to Refs. [11, 14] We demonstrate a potential for cluster state generation in an array of eight nonlinear waveguides, where specially tailored χ (2) poling allows the production of specific two-photon states via SPDC. We consider the regime where the signal and idler photons are indistinguishable spectrally, but where their state is engineered such that observing one photon in odd numbered waveguides guarantees the other is in an even numbered waveguide. Thus the system consists of two photons, each with four states available to it, giving a total of 16 distinct two-photon states. As shown in Fig. 1 , each of these twophoton states can be mapped to a different 4-qubit state, by encoding two computational qubits into the state of each photon. For example the physical two-photon state |1 odd |2 even , with one photon in waveguide 1 and the other in waveguide 2, would correspond to the 4-qubit state |0 1 |0 2 |0 3 |0 4 . Here the state of computational qubits |... 1 and |... 2 is defined by the physical state of the down-converted photon in the four odd numbered waveguides (|... odd ), and qubits |... 3 and |... 4 are defined by the state of the other down-converted photon in the four even numbered waveguides. Thus four qubit cluster states can be generated in the 8 waveguide system when the two-photon spatial wavefunction is shaped accordingly.
In order to shape the wavefunction in the array we propose to use tailored domain poling patterns to allow control of the local effective nonlinearity along the pumped waveguide. This effectively defines the local SPDC photon-pair generation probability at different points along the waveguide, thus, when combined with the continuous photon-pair coupling to neighboring waveguides, allows tailoring of the output spatial wavefunction. Similar methods have allowed wavefunction engineering in specially poled bulk nonlinear crystals [24] [25] [26] and in arrays of up to four coupled waveguides [23, 27] . Here we show how such control of the wavefunction can be achieved in eight coupled waveguides using only a single size of inverted χ (2) domains, making fabrication of the structures feasible to implement with existing technology. Using special domain poling patterns to control the two-photon wavefunction can be preferable to adjusting linear properties of the chip such as the intrawaveguide coupling rate. Furthermore, the waveguides can be given distinct nonlinear poling patterns, allowing the chip to be quickly reconfigured to produce different cluster states simply by driving different waveguides in the array. This avoids the need to integrate complex thermal or electro-optic phase shifters onto the chip to reconfigure the wavefunction. Thus inhomogeneous waveguide poling provides a straight-forward approach to generating and reconfiguring different photonic wavefunctions on-chip. To this end we develop a class of nonlinear poling patterns that give precise control over the local effective nonlinear coefficient of each waveguide. Particularly we focus on designing patterns that would be easy to fabricate, thus avoiding varied domain sizes such as in Refs. [23, 25] . This is achieved by superimposing two fourth-order periodic poling patterns [ Fig. 2a) ]. Fourth-order patterns have period equal to four times the decoherence length of the SPDC process (L C ), and in this case we consider patterns where the 'up' domain length is (L C /2), and the remaining 3.5L C is poled down. Two of these patterns are then superimposed, as in Fig. 2a) , to make a secondorder phase-matched poling pattern. The displacement between the two fourth-order patterns, ∆z, determines the phase difference between the two-photon wavefunction generated from each poling pattern, thus the local effective nonlinearity of the poling structure can be controlled by varying this displacement as shown in Fig. 2b ). Translating the whole structure (with respect to other sections of poling on the waveguide) changes the overall phase of the wavefunction generated from that section of poling. Therefore the displacement of overlapping fourthorder patterns with respect to one another (∆z) controls the magnitude of the effective nonlinearity, while translating the whole structure controls the phase.
A key consideration for ferroelectric domain poling is that the size of the domains to be inverted should be the same for the entire chip, and the inverted domains should not be too close together. This is because the growth of ferroelectric domains is a complex process, and fabrication parameters such as electrode size must be determined empirically to produce the required domain size [28] . Thus it is difficult to fabricate domains with a range of different sizes on the chip, and domains spaced too closely together can interact, or fuse together during the inversion process, producing unpredictable results. Since the general poling pattern we propose requires only 'up' domains of a constant size, and these domains are never closer to one-another than L C /2, it is straightforward to fabricate using typical electric field poling with lithographically defined electrode masks.
In order to create tailored wavefunctions using this poling technique we divide each waveguide in the nonlinear waveguide array into 34 different sections, and allow each section to have a different poling pattern of the form shown in Fig. 2a) , and thus a different effective nonlinearity. Through algorithmic optimization of the effective nonlinearity in each section, we can design tailored poling structures to produce, via SPDC, a desired two-photon state at the output of the array. For a practical source of cluster states we design an eight waveguide device that produces the box or star cluster states [ Fig. 3a) and b) ] when waveguides number 8 or 1 respectively are driven by the pump laser. The down-converted photon intensity in the device is simulated in Figs. 3c) and d) for production of the box and star cluster states respectively. The full output wavefunctions produced from the poling structures are presented in Figs. 3e) and f), with fidelity to the ideal box and star cluster states of 99.8% and 99.9%, respectively.
Once the photons are created, cluster state computation algorithms proceed by sequentially measuring different qubits in the state. The measurement basis used to measure qubit number i is denoted B i (α), with basis states |ψ(±α) i = |0 i ± e iα |1 i / √ 2, where the value of α is adjusted for each qubit measurement, depending on the algorithm being implemented [3] . In of the box and star cluster states respectively, using special waveguide array poling descried in Fig. 2 . e) and f) show the corresponding output two-photon wavefunctions produced when pumping waveguides 8 and 1 of the array. e) has a fidelity of 99.8% to the perfect box cluster state and f) has a fidelity of 99.9% to a perfect star cluster state.
the context of a waveguide array this measurement basis is non-trivial to implement, because it requires spatial transformations on the output waveguides to rotate to the B(α) measurement basis, regardless of the value of α. However we observe that for many simple operations, such as propagating a state through a circuit, or performing a CNOT gate, only measurements in the bases B(0) and B(π) are required [3, 4] . Under a Hadamard transformation, these measurement bases are mapped to direct measurements in the waveguide mode basis, i.e.
there is no need to perform any linear transformation before measurement. Thus we propose that in order to implement spatially encoded cluster state algorithms more efficiently, a Hadamard transformation should be applied to all the measurement bases used for the algorithm, and also, to preserve the form of the algorithm, Hadamard transformations should be applied to each qubit in the cluster states itself. Thus the cluster states we designed above are the typical cluster states, but with a Hadamard transformation applied to each qubit in the state.
After Hadamard transformations are applied to each qubit of the star cluster state the resulting wavefunction is,
where |± i = |0 i ± |1 i . The corresponding spatial twophoton wavefunction of this state is shown in Fig. 3f ). Such a state could be used to implement a CNOT gate [3] , provided the measurement basis is the Hadamard transformation of the typical basis. Similarly we define the box cluster state as,
and the representation of this state as a two-photon spatial wavefunction is shown in Fig. 3e ).
The box cluster state can be used for an implementation of Grover's search algorithm [10] [11] [12] 29] . For the simple case of a two qubit database this search consists of two steps. First a two bit state is prepared in the |+ |+ state, and a two-bit string to be recovered (e.g. '01') is encoded into the state by inverting the sign of the corresponding wavefunction element (e.g. |0 |1 ). In the next step the amplitude of the quantum state representing this encoded string is amplified by inverting the entire state about the mean. For the two qubit case the answer is produced in a single iteration.
The measurements required to implement this algorithm using the box cluster state are shown in Fig. 4a) , with our implementation in the eight waveguide spatial encoding shown in 4b). As mentioned earlier for spatially encoded cluster states we propose to use a measurement basis that is the Hadamard transform of the usual measurement basis. We now define the basis explicitly as BĤ i (α) with basis states |ψ(±α) i = |+ i ± e iα |− i / √ 2, where detection of one of the two basis states is interpreted as a logical 0 or 1 respectively. To implement the Grover's search algorithm in this spatial encoding, first qubits 1 and 2 are measured, which physically involves detecting which odd number waveguide the signal photon is in. The choice of measurement basis determines the bit string that is marked for recovery. Measuring qubit i ∈ {1, 2} in the basis BĤ i (π) (or BĤ i (0)) will encode a logical 0 (or 1) into the i th element of the bit string to be recovered. If both measurement results, s 1 and s 2 , are 0 the initial encoding of the twobit string was successful, otherwise unsuccessful encoding can be compensated for by feeding forward the measurement results and using them to rotate the measurement bases for qubits 3 and 4. To recover the encoded bit string via Grover's search algorithm the remaining two qubits, 3 and 4, are measured in the basis BĤ i (π), physically achieved by detecting the idler photon in one of the even numbered waveguides. In place of rotating the measurement basis of qubits 3 and 4 post-processing of results can instead be used, reinterpreting final result as (s 1 ⊕ s 3 , s 2 ⊕ s 4 ) . This recovers the marked bit string with certainty.
For example, if we choose to encode the bit string '01' into the two-photon state, for recovery we would use the measurement bases BĤ 1 (π) and BĤ 2 (0). Detection of the signal photon in waveguide 1 corresponds to the state |0 1 |0 2 , which in these measurement bases is interpreted as measurement results s 1 = 1 and s 2 = 0. Then due to the cluster state structure [ Fig. 3e) ] the idler photon will be detected in waveguide 2, corresponding to state |0 3 |0 4 , which is interpreted with the required basis BĤ 3 (π) BĤ 4 (π) to give results s 3 = 1, s 4 = 1. Finally, the recovered bit string is (s 1 ⊕ s 3 , s 2 ⊕ s 4 ) = (0, 1), exactly the bit string that was encoded by the measurement of qubits 1 and 2. In conclusion, we have shown how to design a nonlinear photonic chip to generate and optically switch between different 4-qubit cluster states. This is achieved using a nonlinear waveguide array with specially tailored poling patterns, which are optimized to be easy to fabricate with typical electric field poling methods. Importantly this can provide a stable integrated source of cluster states, with potential to scale to larger states by increasing the number of waveguides in the array. We also propose a change of measurement basis to implement the cluster state algorithms with spatially encoded photonic qubits.
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